HIVE-IMO X HUMAN-AI OLYMPIAD SYSTEM

IMO 2026 - Bai 5

RMS-AM-GM, quy dao ctia ham va d6 léch hang

THONG TIN TAI LIEU
Két qua cudi:
f@)=z+c  (c20).
Kién tric chirng minh: ép hai ddu cia chubi bat déng thirc bang nhau bing phép

thé z = f(y); dat g(z) = f(z) — z; dung quy dao cda f va mdt bd kep dinh lugng dé
chitng minh ¢ 1a hang.

Ban bién soan doc lap theo quy trinh Human-AI Olympiad Attack. Khong phai Ii gidi chinh thirc cia Ban té chirc
IMO.
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1 Pébai

Ky hiéu R+ la tap cac s6 thyc duong. Xac dinh tit ca cdc ham
J iRy — Ry

théa man

2P  f@)ty
2 - 2

>Vaf(y) 1

vOi moi z,y € Ryo.

2 Ban do chién luoc
Tru'c giac cau tric
Hai dau cta (1) 1a hai vé trong chu6i quen thudc
RMS(z, f(y)) = AM(z, f(y)) = GM(z, f(y)).-
Néu biéu thirc gitta ding bang %(y), thi ta phai co
f@)+y=x+f(y),
titc f(z) — = 1a hing. Vi vay dat
9(z) = f(z) — =

va tim cach chirng minh g khéng phu thudc vao z.

Cac nghia vy chirng minh la:

tao mot quan hé 1ap da manh cho f;

ching minh g(x) > 0;

chitng minh moi gia tri dwong ctia ¢ bang nhau;

loai trir khd ndng g déong thoi nhan 0 va mot hang so duong;
kiém tra tryc ti€p ho nghiém thu dugc.

A

3 Nhat danh can bang: chon z = f(y)
Trong (1), thay = = f(y). Khi dé hai dau déu bang f(y):

f@V;f@V:f@> va VW) = f).

Vi biéu thitc gitra bi kep gitra hai s6 bang nhau,

ﬂﬂ@Hw:f@7
hay
W) =2/) —y] ()
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V6ig(z) = f(z) — z,taco
W) = fy) +9(f(v)).
So sanh vodi (2) va dung f(y) =y + g(y), suy ra
9/ W) = 9(w)-| (3)

Do 1éch g dugc bao toan doc theo quy dao cuia f.

4 Quydaocia fvadaucuag
T f(y) = v + g(y) va (3), bang quy nap ta thu dugc

() =y +ng(y)] (4)

v6i moi s6 nguyén n > 0.
That vay, néu f"(y) = y + ng(y) thi
™ y) = () + 9(f" () = y +ng(y) + 9(y),

vi (3) cho g(f"(y)) = g(y).

Do f"(y) > 0 vOi moi n, khong thé c6 g(y) < 0: néu vay, y + ng(y) sé am khi n dd 16n. Vi
thé

l9(y) >0 véimoiy>0.] (5)

5 B0 kep dinh lwrong cho do léch
Dat
Z = f(y) > 0.
Viy=27—g(y)va f(z) =z +g(z),
f@)+y=2+7Z+g(x)—g(y)
Tu nta phai cda (1),
v+ Z+g(x) - g(y) > 2V Z,
suy ra

g(x) — g(y) > —(Va —VZ)%. (6)

Tw n&a trai cua (1),

T+ Z+g(r) — gly) < /22 + Z2),
9(z) —g(y) < V22 + Z%) — (z + 2).

A

nen

Rational héa vé phai:
(z—2)?

V2@2+ 22 x4+ Z

(x—Z)°

Hai can (6), (7) cho thay: néu x va f(y) c6 khoang cach bi chan trong khi ca hai tién ra vo
han, thi g(z) — g(y) — 0.

22+ 22)— (x+ 2) =

Do do

(7
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6 Moi gia tri dwong cia g déu bang nhau

Gia s
g(u) =a >0, g(v) =b>0.
Theo (4),
up = f"(u) =u+na,  vm=f"(v)=0v+mb.
bong thoi

g(uy) = a, g(vm) = b, flom) =v+ (m+ 1)b.

Vi moi m @ 16n, chon s6 nguyén n = n(m) > 0 gan nhat voi

v+ (m+1)b—u
- :

Khi do
|un_f(vm)| <

9

N

trong khi u,, f(vy,) — co.

Ap dung (6) va (7) VOi & = tn, y = Um, Z = f(vm), ta dugc

Un — f(vm))?
_(M_ /f(vm))2§a—b< ( f(vm))

T V22 + f(um)?) + un + f(vm)

HIVE-IMO X

(€)]

9

Nho (8), t& s6 & cdn phai bi chin, con miu tién ra vo han. Can phai tién vé 0. Can trai

cling tién vé 0 vi

(un = f(om))?
Uy, — A\ [(Um 2 _ )
(Van = v/ f(om)) Vo o)

Cho m — o trong (9), suy ra
a—b=0.

Bo dé 6.1. Moi gid tri duong ctia g déu bang ciing mgt hang sé c > 0.
Vi g > 0, hodc g = 0, hodc g chi nhan cac gia tri 0 va mdt hang s6 ¢ > 0.
7 Khongthédongthdicég=0vag=c>0

Gia st ton tai v, v > 0 sao cho

Xét doan déng nodi v va v. Hai tap

A={z:g(x)=0}, B={z:g(x)=c)

phan hoach doan d6 va déu khong rong. Vi mot doan 1a lién théng, khoang cach gitta A

va B trén doan phai bang 0. Do d6 ton tai cac day
T, € B, Yn € A

cung hoi tu dén mot diém ¢ > 0.
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V6iy = yn, ta c6 f(yn) = yn. Ap dung can trén (7) v6i z = x,,

o — )2
¢ =g(xn) = 9(yn) S

n) < — -
V23 + ) + Tn + Yn

VE phai tién vé 0 khi n — oo, mau thudn véi ¢ > 0.

Vay g khéng thé nhin dong thoi 0 va mot gia tri dwong. Két hgp véi cac phan trén,

‘g(m):c Vé’imoix>0‘

cho mot hang s6 ¢ > 0. Do dé

fa)=azte (c20)] (10)

8 Kiém tra ho nghiém

Cho
f(z) =2 +c, c>0.

Khi do6 f nhén gia tri dwong trén R-, va
f@+ty=az+cty=a+f(y).

Bat dang thirc can kiém tra tré thanh

W2 v+ fly)
2 = 2 =

zf(y),

ddang theo chudi RMS-AM-GM cho hai s6 duong = va f(y).
Pap an hoan chinh

Tat cd cdc ham théa man deé bai la

[f@=z+ec (c20).]

9 Kiém toan cac diém dé bo sét
Bay 1: ddu bing RMS-AM-GM khdng tw déng ap dung

Biéu thic gitta ban dau 1a {9 khéng phai “. Can chitng minh d¢ léch f(t)—
la hang trwdc khi nhan dlen day dd chubi RMS—AM GM.

Bay 2: quy dao khdng can tién sat nhau tuyét déi

Trong budc so sanh hai gia tri dwong a, b, chi can |u,, — f(v,,)| bi chan trong khi cac
diém tién ra vo han. Hai can (6), (7) khi d6 van co veé 0.
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Bay 3: phai loai trir hon hop 0 va ¢

Viéc chitng minh moi gia tri dwong ctia ¢ bang nhau chua dd. Can dung tinh lién
thong cta R cung bd kep dia phwong dé loai khd nang g nhan ca 0 va ¢ > 0.

10 GO6c¢ nhin cau truc

Phép thé = = f(y) tao mot diém can bang tuyét d6i: hai dau cla chudi kep trung nhau.
Quan hé thu dugc lam moi quy dao cta f trd thanh mot cip sé cong v6i budc g(y). Bo
kep (6), (7) déng vai tro mot verifier dinh lwgng, budc cac budc qui dao khac nhau phai
bang nhau. Cu6i cung, tinh lién thong loai bd sy phan manh gitta budc 0 va budc dwong.
Vi thé toan bo ho nghiém chi con cac phép tinh tién cé hé sé goc 1.
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