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Minimax, ghép cap va cau trdc nhi phan

THONG TIN TAI LIEU

Pap an:
2n
Cp = 7271,4»1 1 b
Chién lwoc toi wu cia Lwu Bang: chia theotilé1:2:4:...:2".

Kién truc chirng minh: cin trén bang hai tong tap con gan nhau; cdn dwdi bang
do léch xen ké va mot thanh phan cay trong do thi ghép cap.

Ban bién soan doc lap theo quy trinh Human-AI Olympiad Attack. Khong phai Ii gidi chinh thirc cia Ban té chirc
IMO.
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1 bPeé bai
Cho s6 nguyén duong n. Lvu Bang danh dau khong qua n diém trén mot chiéc gay dai 1.
Sau dé Hang Vi, biét cac diém cta Luu Bang, danh ddu khong qua n diém khac. Cat gay

tai tat ca cac diém da danh diu. Hai nguoi luan phién 1y mét doan chua duogc 14y, Luu
Bang di truwdc. Moi ngudi mudn toi da hoa tong dd dai cia minh.

Xdc dinh s6 16n nhat ¢ ma Luu Bang c6 thé bdo ddm nhan dugc, bat ké Hang Vii choi thé
nao.

2 Gia tri cia mot phan hoach c6 dinh
Gia s sau tat ca cac nhat cat, cac doan co6 do dai
T1>x2 > > Xy > 0.

B& dé 2.1 (Gia tri cta tro chon doan). Véi da tdp do dai c¢d dinh, tong toi wu ctia nguoi di
trwdc bang
V=x+x3+a5+---.

Chitng minh. Ngudi di trwée ludn 14y doan 16n nhat con lai. O lugt thit j clia minh, anh
ta nhan duogc it nhdt z,;_1, nén bdo dadm tong cdc vi trilé.

Ngugc lai, nguwoi di sau ghép cac doan thanh cac cap
(x1,x2), (x5, 24), - ..

va néu m 1é thi dé z,, thanh doan don. Méi khi nguoi di trudc 14y mot doan trong mot
cap, nguoi di sau 1lay ngay doan con lai. Vi vay nguoi di trudc nhan nhiéu nhat phan t@

16n hon trong moéi cip, cung doan don néu c6. D6 chinh 1a tdng cac vi tri 1€. O
bat
A=x1—29+x3— T4+ .
Vi Z xT; = 1,
1+ A
V== (1)

Hang Vil muon lam A nhé; Luu Bang mudn gitt mot do 1éch duong khong thé bi ghép cap
triét tiéu.

3 Trucgiac ghép cap

Mot cdp doan bang nhau khong déng gop vao A. Thém hodc bd hai phan t& bang nhau
khoi danh sach da sdp khéng lam thay d6i do 1éch xen k&, vi chung cé thé dét canh nhau
va dong gopt —t = 0.

Néu Luvu Bang dung it hon » diém, 6ng tao khong qua » doan. Hang Vi cé thé cat doi
trng doan bang khong qua » nhat cat, bién toan b thanh cac cap bang nhau. Khi do

A= = —.
0, |4 2

Vi dap an cu6i 16n hon 1/2, chién lugc t6i wu ctia Lwu Bang phai dung dt » diém va tao
dung n + 1 doan.
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4 Ung vién va chién luoc chia Luu Bang

bat
S=14+24+4+4 .- 42"n =2 _1

Luu Bang chia cdy gay thanh »n + 1 doan c6 do dai

1 2 4 2m
S'sTs S
Ung vién 1a
2TL
Cn:72n+1_1'

Ta chitng minh cdn trén va can dudi trung nhau.

5 Can trén: doi chién lwoc cia Hang Vi

Trudc hét xét truong hgp Luu Bang tao k < n doan. Nhu trén, Hang Vil cat doi tat ca va
ép phan cda Luu Bang bang 1/2, khong vugt wng vién.

Bay gio gid st Luu Bang tao dung » + 1 doan c6 do dai

ag,al, ..., dy, E a; = 1.

Xét 2"*+! tong tap con

3]:Za,-, IC{0,1,...,n}.

icl
Tat cd nam trong [0, 1]. Khi sap tang dan, trong 2"*! — 1 khoang lién ti€p phai c6 mot
khoang dai khong qua
1
Tl 1

Do d6 ton tai hai tap con khac nhau 7, J sao cho
|sr —sg] < 0.
B6 phan giao ciia chung, ta thu dugc hai tp roi nhau P, Q va tap con lai Z, véi

D ai=D

ieP JEQ

< 6. (2)

5.1 B& dé ghép hai ho doan

Bd dé 5.1. Cho p doan cé6 tong do dai A va q doan c6 tong do dai B < A. C6 thé dung khong
qud p + q — 1 nhdt cdt dé chia chiing thanh cdc cdp bdng nhau, phti toan bo phia cé téng B,
va dé lai cdc doan chua ghép & phia kia c6 tong A — B.

Chitng minh. So sanh hai doan dang xét. Néu bang nhau, ghép ching va chuyén sang cap
tiép theo. Néu mdt doan dai hon, cat doan dai dé tao mot phan bang doan ngan, ghép hai
phéan bang nhau roi ti€p tuc véi phan du. M6i nhat cat lam can it nhat mot doan dang
hoat dong. Trudc khi mdt phia bi dung hét, diéu nay xay ra khéng quap +¢—11an. O
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Hang Vi thyc hién nhu sau.

» V6i mbi i € Z, cat doan a; & trung diém. Chi phi la |Z| nhét cat va tao cdc cip bang
nhau.

» Dung b6 dé dé ghép cac doan thudc P véi cac doan thudc Q. Chi phi khong qua |P| +
Q- 1.

Tong s6 nhat cat khong vuot
IZ|+|P|+|Q—1=(n+1)—1=n.
Sau khi bé cac cdp biang nhau, phan chwa ghép cé tong do dai
r = Zai—Zaj S(S
i€P JEQ

D 1éch xen k& cua mot da tap s6 duwong khong vugt tong cia nd, nén

A <rpr<é.
Theo (1), Hang Vii ép duoc
146 1 1 n
< -
4 2 2<1+2n+1_1) on+l _
Vay
2n

3

6 Can dudi: cau tric nhi phan cta Luu Bang
Nhan tat ca d¢ dai véi S = 27! — 1. Ta chi can chirng minh rang néu cac doan ban dau
co6 do dai

1,2,4,...,2"

va Hang Vi dung khong qua » nhat cat, thi d¢ 1éch xen ké cta cac doan cuoi it nhat bang
1.

Sau cac nhat cat, c6 khong qua
m+1)4+n=2n+1
doan. Sap chung theo thit tw
Y12>2Y2 = 2 Ym >0, m < 2n+ 1.

bat
Al=yi—yrtys—yat .
Ta can chirng minh A’ > 1.
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6.1 Do thi chta cac cap
Mo6i doan cudi c6 mot doan cha trong s6 1,2,4, . ..,2". Ghép cic doan cudi theo thi ty
(Y1,y2), (Y3, Y4), - - - -
Dyng mot da do thi G:
¢ ¢6n + 1 dinh, dinh i &ng véi doan cha dai 2¢;

* moi cap (y2j-1,y2;) tao mot canh noi hai doan cha cta chung;
* néu hai doan cé cung cha, canh la mot khuyén.

7] <.

Mot da do6 thi cé n + 1 dinh va khéng qua »n canh phdi c6 it nhat mot thanh phan lién
thong khong chira chu trinh hodc khuyén. Goi thanh phan ay 1a 7; né 1la mot cay, trong
dé mot dinh c6 lap cling dugc coi la cay.

S6 canh la

6.2 T6 hai mau va t6 hop cé dau
T6 hai mau cac dinh cta 7. Dat

1, néudinh i thudéc mau thi nhat,
g; = ¢ —1, mnéu dinh i thudéc mau thi hai,
0, néudinhi¢T.

Khong phai moi ¢; déu bang 0.
Xét s6 nguyén
n
R = Z Ez‘Zi.
=0
Chon j 16n nhét sao cho ¢; # 0. Khi d6
2 > 142+ 4271

nén sd hang ;27 khong thé bi cac sé hang bac thap hon triét tiéu. Vi thé

R #0, |R| > 1. 4)
Thay moi 2! bang tong cac doan con c6 cha 1a 4. Khi d6 R tré thanh mot tong c6 diu cla
CAcC y;.
Xét mot cap (y2j-1,Y25)-

» Néu canh twong &ng khong thudc thanh phan 7, ca hai hé s6 bang 0.
» Néu canh thudc 7, hai dau canh cé hai mau khac nhau, nén déng gop cta cap bang

+(y2j-1 — y25)-
Néu m 1é, doan don y,, dong gop 0, ., hodc —,,. Bit ding thitc tam gidc cho
IR < (y1 —y2) + (ys —ya) +--- = A.

Két hop véi (4),
A > 1. (5)
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Tré lai thang d6 dai ban dau,

Theo (1), Lvu Bang bao dam

Vay

(6)

7 Kétluan
Tu (3) va (6),

2TL

n =it 1

Chién lugc t6i wu cia Lwu Bang la chia cay gay theo ti 1é

‘1:2:4:--~:2”.‘
Cac gia tri dau tién la
2 o 8 16
C1 = 37 C2 = 7) C3 = 157 Cq = 31

o X e e o 7
8 Dién giai truc giac
Hang Vi khong chi cat déi trng doan. Chién lwgc can trén cho thay ban chat sau hon:
ong tim hai tong tap con gan nhau, cat cac doan thanh mot phép ghép hoan hdo va don
toan bo bat cAn bang vao mot phan du rat nho.
Luu Bang chong lai bang hé nhi phan. Céclily thira ciia 2 khién moito hgp cd hésé —1,0,1
khac 0 ¢6 d6 16n it nhat 1. Ngan sach » nhat cat tao khong qua » canh trén »n + 1 doan cha,
nén luén con mot thanh phan cay dé sinh ra t6 hgp c6 ddu khong thé bi triét tiéu.

Cau triac minimax

Can trén: subset sums gan nhau = ghép cdp gan hoan hdo.
Can dw@i: 1y thira 2 + thanh phan cay = d6 1éch tdi thiéu bang mot don vi.
Hai chirng thu gép nhau tai 27/(2"+! —1).
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