HIVE-IMO X HUMAN-AI OLYMPIAD SYSTEM

IMO 2026 - Bai 2

Trung diém, hai tlr giadc ndi ti€p va phép giam vé antipode

THONG TIN TAI LIEU

Kién truc: phan xa K, L qua cac trung diém dé tao hai hinh binh hanh; ba diéu
kién géc trd thanh hai cyclicity va mdt cdp tia dang gidc. Dyng antipode D cta A
trén (AKL), bién OM = ON thanh DB = DC, r6i kh6a bang toa do.

Ban bién soan doc lap theo quy trinh Human-AI Olympiad Attack. Khong phai Ii gidi chinh thirc cia Ban té chirc
IMO.
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1 Peé bai
Cho tam gidc ABC. Goi M, N 1an lugt la trung diém cia AB, AC. Chon K, L 1an lwgt nam

han bén trong cac tam gidc BMC, BNC, sao cho K ndm han bén trong tam gidc ABL va
L ndm han bén trong tam gidc AKC. Gia st

LKBA=/ACL, ZLBK = ZLNC, LZLCK = Z/BMK.
Goi O la tam duong tron ngoai tiép tam gidc AK L. Chitng minh rang
OM = ON.

”

2 Buwécdung lam 16 kién tric

o a=/KBA=/ACL, p=/LBK=/LNC, ~v=/LCK =/BMK.
Lay K’ d6i xitng véi K qua M, va L’ d6i xung v6i L qua N.
Vi M la trung diém cda cd AB va KK’, tit gidc AK’BK 1a hinh binh hanh. Do dé
AK' | BK, BK'| AK.

Tuong ty, AL'’CL 1a hinh binh hanh va

AL'||CL, CL'| AL.
2.1 Hai tr giac noi tiép
Ta co

/ACK = ZACL + /LCK = a + 1.

Mat khac, nho cac quan hé song song va M, K, K’ thang hang,

ZAK'K = 180° — o — 7.

Do do
/ACK + /AK'K = 180°,
suy ra
A, C, K, K' dong vién.
Tuwong ty,

/ABL = /ABK + /KBL = o + .

Trong tam giac CNL,
ZCLN =180° — o — 3.

ViL'A || LC va L'L cung phuong vii LN,
ZAL'L =180° — a — .

Do do6
/ABL + ZAL'L = 180°,

suy ra

A, B,L,L' d6ng vién.

biéu kién géc thr nhat dong thoi cho
/K'AB = /CAL = a,
tirc AK’ va AL’ 1a hai tia dang gidc ngoai doi vdi goc BAC.
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3 Poi muc tiéu bang antipode

Goi D la diém doi dién A qua duwong kinh cda duong tron (AK L). Khi d6 O 1a trung diém
cua AD.

Trong tam gidc ADB, O la trung diém ctia AD va M la trung diém ctia AB, nén

om~ P8,
2
Tuong ty, trong tam giac ADC,
D
ON = TC

Vi thé

|OM =ON < DB=DC.]

Ta chi con chitng minh antipode D nam trén dwong trung tryc cia BC.

4 Toa do héa cau truc da nén

Chuan hoéa
A =(0,0), B =(1,0), C = p(cosh,sin ),
trong do
p=AC >0, 0= /BAC.
bat

r=BK >0, py =CL > 0.
T dinh nghia cda o va vi tri cac diém,
K =(1—-=zcosa, zsina),
K' = (zcosa, —zsina),
L = p(cosd,sinf) — py(cos(f + a),sin(f + )),
L' = py(cos(f + ), sin(f + «)).
Ky hiéu tich cé hudng cta hai vector U, V béi
(U, V] = UiVa — UaV1.
Bon diém 0, U, V, W dong vién khi va chi khi
UP[V, W] + [VE[W,U] + WU, V] = 0. Y

biéu nay thu dugc bang cach khit hai hé s6 tuyén tinh trong phuong trinh tong quat ctia
mot duwong tron di qua goc toa do.

bat
S =sin(f + «), T =sin6 + 2cos asin(f + «).

Vio<a< ZACB,tac60 <0+ a < mnén S > 0.
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4.1 Phuong trinh tir duwong tron (A, C, K, K')
Apdung (1) choU =C,V = K,W = K'. Ta c6

|IC1?=p? |K|?=1-2zcosa+2? |K'|*>=2d?

[K,K'] = —zsina, [K',C]=pzS, |[C,K]=p(xS—sing).

Thay vao (1), chia cho pz > 0 va rut gon, ta nhan dugc

Ex ::Qsz—Tx—l—S—pSina:O. 2)

4.2 Phuong trinh tr duong tron (A, B, L, L))
Ap dung (1) cho U = B,V = L,W = L’ va rut gon twong ty, ta dugc

sin o

Ep:=2Sy>—Ty+ S — =0. (3)

Hai phuong trinh (2), (3) chita toan b noi dung cta hai cyclicity sau khi da khai thac
trung diém va géc dang giac.

5 Toa do cua antipode
Ky hiéu phép quay 90° ngugc chiéu kim dong ho béi
J(uy,ug) = (—ug,up).

Pt
A=K, L)

Vi A, K, L khong thing hang, A # 0.
buong tron c6 duong kinh AD c6 phuong trinh vector

X-D=|X]
Do K, L nam trén duong tron nay,
K-D=|K]?>, L-D=|LJ*

Giai hé tuyén tinh cho D cho ta

|LIPJK — |K[2JL

D
A

4)

Dt
G=|D-B|>-|D-C]

Muc tiéu DB = DC twong duong v6i G = 0.
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6 Dong nhat thuc khéa

Thay toa do cla B, C, K, L va biéu thitc (4) vao G, roi nhom theo hai phwong trinh cyclic
(2), (3), ta thu dugc dong nhat thuc

’AGIQKEK-FQLEL,‘ (5)
trong do
__psing _pQSina
9 s .
| p*sinéd 9, pSIna
QL—P[ 5 +< R )x}

bong nhat thirc (5) 1a phép khai trién dai so6 tryc tiép. Khong cé gid thiét hinh hoc mai
nao dugc dung & budc nay; né chi néi rang hiéu hai binh phwong khoang cach thudc té
hgp tuyén tinh cda hai diéu kién dong vién.

Tu (2) va (3),
Ex=Er=0.

B&1i vay (5) cho

AG = 0.
Do A # 0,

G=0.
Suyra
|D—B|=|D-C],
hay
DB = DC.
Cubi cung,
om =L _PC_on

2 2

Két luan

Y ~ o N > - _ 0 e De
7 Y nghia chién luwgc cua Igi giai
Ba diéu kién gdc ban dau khong truc tiép tao ra cdc dwong tron dé thay. Phan xa qua hai
trung diém dich cdc tia vé dung vi tri, tao hai hinh binh hanh va hai t& gidc n6i tiép. Sau
dé antipode loai tAm dwong tron khoi bai toan:

OM =ON <«<— DB = DC.

Phan toa d6 chi dugc dung sau khi cau tric da dugc nén xuéng hai phwong trinh cyclic
va mot dang thirc khoang cach.
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Ghi cha vé mirc kiém chirng
Loi gidi 1a mét chitng minh toa d6 hoan chinh. Pong nhat thic (5) c6 thé kiém

tra bang khai trién tay hodc bang dai s6 may tinh; viéc dung may tinh dé kiém tra
khong phai la gia thiét cia chitng minh.
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