HIVE-IMO X HUMAN-AI OLYMPIAD SYSTEM

IMO 2026 - Bai 1

Qua trinh gcd/lcm, thudt todn Euclid trén sé m va dang chuan
duy nhat

THONG TIN TAI LIEU
Két qua cudi:
M — Hngd(’vp(lj),.,.,’l)p(xQOQG)) .
p

Kién tric chirng minh: monovariant titr dién cho tinh dirng, sau d6 invariant
theo tirng s6 nguyén t6 dé xac dinh dang chuan.

Ban bién soan doc lap theo quy trinh Human-AI Olympiad Attack. Khong phai Ii gidi chinh thirc cia Ban té chirc
IMO.
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1 bDé bai
Trén bang c6 2026 s6 nguyén 16n hon 1, khong nhat thiét khac nhau. Trong mot budrc,
Khong T& chon hai s6 m,n > 1 & hai vi tri khac nhau va thay chung bang

X lem(m, n)
Ong tiép tuc chirng nao con c6 thé.

(a) Chitng minh rang sau hitu han budc con dung mot sé6 M > 1.
(b) Chttng minh rang M khong phu thudc vao céc lya chon.

2 Ban d6 chién luoc
Phan ra nghia vu

1. Chérng minh méi budc ludn tao ra sé nguyén duong.
2. Tim mot dai lwgng sap tot budc qua trinh két thuc.

3. M0 ta trang thai cudi.

4. Tim invariant dd manh dé xac dinh duy nhéat s6 cuoi.

Dbiém then chot 1a khong dung mot dai lugng cho cé hai nhiém vu. Tinh dirng dugc x& 1y
bang mot monovariant; tinh doc 1ap duong di dwoc xtit 1y bang mot invariant khac.

3 Phép bién doi theo s6 mii nguyén to

C6 dinh mot s6 nguyén to p. Pat

Khi do
Up(ng(m, n)) = min(a7 b)
va

lem(m,n)\ W b) — minfe. ) — la—
vp(gcd(mm)) = max(a,b) — min(a,b) = |a — b|.

Vi thé, ¢ cot s6 mi cia p, mdt budce cé dang

(a,b) — (min(a, b),|a — b])

bay chinh la mgt bwdc cia thuat toan Euclid dang tru.

4 Phan (a): qua trinh két thac

V6i s6 nguyén duwong z, ky hiéu

Qz) = Z Up(x),

p

tlrc tong cac s6 mi trong phan tich nguyén té cua z.
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Tai mot trang thdi cia bang, dat
2026
S=Y Qi) k=#{i:z>1}
=1
Xét cap (5, k) theo thit ty tir dién.

Gia s mot budc chon m, n va dat d = ged(m,n). Vi titng s6 nguyeén to p, tong hai s6 mi
thay doi tir
a+b

thanh
min(a,b) + |a — b| = max(a,b).

Muc gidm la min(a, b). COng trén moi p,
Smei = Sca — 2(d).

* Néud > 1,thi Q(d) > 0, nén S gidm nghiém ngat.
* Néu d = 1, hai s6 méila 1 va mn. Khi @6 S khéong d6i nhung k gidm dung 1.

Do d6 sau moi budc,
(S, k) mesi <tex (S, k)ca-

Khong ton tai day gidm vo han trong N? véi th ty tir dién. Vay qua trinh phai két thuc
sau hitu han budc.

Bd dé 4.1. Trong moi budc, hai s6 mdi khong thé dong thoi bang 1.

Chitng minh. Néu gcd(m,n) > 1, s6 thi nhat dd 16n hon 1. Néu gcd(m,n) = 1, s6 th hai
bang mn > 1. O

Vi ban dau c6 cac s6 16n hon 1, trong su6t qua trinh luén con it nhat mot s6 16n hon 1.

Khi qud trinh dirng, khong thé con hai s6 16n hon 1, vi khi d6 van c6 thé chon chung dé
thyc hién mot budc. Vay trang théai cudi cé ding mot sé6 M > 1 va tat ca cac so con lai
bang 1.

Két luan phan (a)

Bat ké cach chon céc cédp, sau httu han budc trén bang con dung mot sé6 M > 1.

5 Phan (b): invariant xac dinh so cudi
C6 dinh s6 nguyén t6 p. Tai mot trang thai, dat
gp = 8cd (vp(21), vp(w2), - - -, vp(22026)) -
Néu mot budc thay hai s6 mi a, b bang min(a, b), |a — b|, thi
ged(min(a, b), |a — b]) = ged(a, b).
That vay, gia st a > b, khi d6

ged(min(a, b), |a — b]) = ged(b,a — b) = ged(a, b).
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Cac s6 mii khac khong doi, nén g, 1a invariant cda toan b qua trinh.
O trang thai cudi, chi con s6 M > 1. Day s6 mil cia p c6 dang
0,0,...,0,v,(M),0,...,0.
Do d6 ged cda ddy nay bang v,(M). Vi g, khong dai,
vp(M) = ng(vp(J:l)7 . ,Up(l'QOQG)).

Suyra

M= Hngd(vp(l‘l)7---7Up($2026)).
P

Tich chi chay trén hitu han s6 nguyén t6 xuat hién trong cac sé ban dau.

Cong thire trén chi phu thudc trang thai ban dau, nén M khong phu thudc vao thi ty lua
chon.

Pap an hoan chinh

M = Hngdi vp(24)
p

va qué trinh ludn két thuc & trang thai gom M cung 2025 so 1.

6 Kiém toan cac bay thuong gap
Bay 1: gcd chia cac s6 trén bang khdng bat bién

Vidu
(8,4) = (4,2) = (2,2) — (2,1).

S6 cudi la 2, trong khi ged(8,4) = 4.

Bay 2: khéng phai méi budc déu lam mét sé mii bang 0

Vidu
(5,3) = (3,2).

Phép bién d6i 1a Euclid dang trw, c6 thé can nhiéu budc.

Bay 3: tdng s& mii khéng ludn giam

Néu ged(m,n) = 1, vidu (2,3) — (1,6), tong s6 mi gilt nguyén. Vi viy can cap tir
dién (S, k) ch khong chi S.

7 Go6c nhin cau truc

Bai todn 1a mdt hé viét lai cé nhiéu duong di. Phan (a) 1a bai todn termination. Phan (b)
1a bai todn unique normal form. Valuation v, tdch m¢t phép todn s6 hoc phitc tap thanh
cac budc Euclid doc lap trén tirng cot, con invariant ged cta cot ghép cac két qua trd lai
thanh mot s6 duy nhat.
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